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© fl,. B. Xjionuu 

O HEOBXOAHMblX KPAEBblX YCJ10BH5IX ftJISL CTPOrOrO 
OnTHMAJlbHOrO ynPABJlEHHS B 3A,UAHAX ynPABJIEHPM HA 
BECKOHEMHOM nPOMEMYTKE 

B pa6oTe paccMaTpiiBaiOTCs: 3a/i,aHH ynpaBjieHHH Ha 6ecKOHeHHOM npoMejKyTKe co CBo6oflHbiM npaBbiM koh- 
hom. IlojiyHeHbi Heo6xoflHMbie ycjiOBHH CTporoii onTHMajibHOCTH. CaM MeTO,n, ,n,OKa3aTe.jibCTBa cpaKTHiecKH 
cjie^yeT KjiaccHHecKoii pa6oTe XajiKHHa, a nocTpoeHHoe b pa6oTe KpaeBoe ycjiOBHe Ha 6ecKOHeHHOCTH aBjiaeT- 
ch ycHjieHHeM ycjiOBHH, npefljiojKeHHoro CeiiepcTa^OM. IlocTpoeHHaa: b pa6oTe nojiHaa ciiCTGMa cooTHOinenHii 
npHHinina MaKCHMyMa no3BOjiaeT BbinncaTb pjin conpHsceHHOii nepeMeHHOii BbipajKeHHe b BH^e Heco6cTBen- 
Horo HHTerpajia, 3aBHCHiHero jihhib ot pasBopaniiBaiomeHCH TpaeKTopHH. C.M.AceeB, A.B.Kphjkhmckhh, 
V.M.Veliov nojiynajiH TaKoe BbipajKeHne b KanecTBe Heo6xo,n,HMoro b HeKOTopbix Kjiaccax sa^an ynpaBjicniiH. 
Ciporaa onTHMajibHOCTb b pa^e cjiynaeB no3BOJiaeT co3flaTb nepeonpe^ejieHHyio CHCTeMy cooTHOineHiiii, b 
pa6oTe nojiyneHbi ycjiOBHH, floCTaTO^Hbie pjisi 3Toro. Pa3o6paH nprniep. 

KAWHeeftie cjioea: aa/ja^a ynpaBjieHHH, CTporo onTHMajibHoe ynpaBjieHne; sa^ana Ha Gcckohchhom npoMe- 
jKyTKe, Heo6xo^HMbie ycjiOBHH onTHMajibHOCTH, KpaeBoe ycjiOBHe Ha 6ecKOHeHHOCTH, npHHHiin MaKCHMyMa 
IloHTparHHa 



§ 1 . Onpe^ejieHHH h o6o3Ha x ieHHa 

PaccMOTpHM 3aflany MaKCHMH3annn Ha 6ecKOHenHOM npoMejKyTKe cpyHKnnoHajia 

J[u}(T) = / g(t,x(t),u{t))dt npn T -> oo. (1.1) 
J[0,T\ 

Ha TpaeKTopnax ynpaBjineMon CHCTeMbi 

x = f(t,x,u) fljia n.B. t S T, (1.2a) 
x(0) = x„ (1.2b) 
u 6 U(t) flJiH h.b. t € T. (1.2c) 

3j\ecb b KanecTBe npoMejKyTKa BpeMeHH paccMaTpHBaercH nojiyocb T = M^oi B KanecTBe cba30- 
Boro npocTpaHCTBa ynpaBjineMOH chctcmm ncnojib3yeTCH HeKOTopoe KOHenHOMepHoe eBKjiH^OBoe 
npocTpaHCTBO X. TaKJKe CHHTaeTca 3a,n;aHHbiM KOHenHOMepHoe eBKjiHflOBoe npocTpaHCTBO U h mho- 
ro3HaHHoe oro6pajKeHHe U : T ~» U. Hor mhojkcctbom BceB03MOJKHbix flonycTHMbix ynpaBjieHnii il 
noHHMaeTca mhojkbctbo Bcex H3MepHMbix no Bopejuo jioKajibHO orpaHHneHHbix cejieKTopoB MHoro- 
3HanHoro oTo6p a jKeHHH U. 

By^eM Bciofly flajiee npe/niojiaraTb, hto U KOMnaKTH03HanHO, JioKajibHO HHTerpajibHO orpaHH- 
neHO c H3MepHMbiM no Bopejno rpacpHKOM; /, g h hx nponsBO^Hbie no x — JioKajibHO jinnuiHueBbie 
no x OTo6pajKeHHH KapaTeo^opn, HHTerpajibHO orpaHHneHHbie Ha KOMnaicrax; KpoMe Toro, pjm f 
BbinojmeHO ycjiOBHe no^JiHHenHoro pocTa: fljia HeKOTopoii HenpepbiBHon (pyHKinin M € C(T, T) 

\\f(t,x,u)\\ < M(l + ||x|j) Vi € T,u € U(t),x G X. 

Otmcthm, hto Boo6me roBopa, HHTerpaji b (jl.ip He o6n3aH hh npn Bcex flonycTHMbix ynpaBjieHH- 
ax nrpoKOB, hh npn KaKnx-TO hx ynpaBjieHHHX, npn T — > oo cxoflHTbcn hh k KOHenHOMy nncjiy, hh 
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k 6ecKOHeHHOCTH. B 3tom cjiynae Tpe6yeTCH cpopMajiH30BaTb, hto noHHMaTb no,n onTHMajibHOCTbio 
Ha 6ecKOHeHHOCTH. IlepBbie TaKne cbopMajiH3arrHH iiohbiijiiice> y>Ke b Mo/iejm PaMcea; cm. |16y22j. 

B sa^anax ynpaBjieHHH Ha 6ecKOHenHOM npoMencyTKe npefljicoKBHa nejiaa cepna TaKHX onpe^e- 
jieHHii onTHMajibHOCTH |13ffT5"] l2"T]. Hac 6yn;eT nnrepecoBaTb nomiTHe CTporo onTHMajibHoro ynpaB- 
jieHHH ("strongly optimal"; cm., HanpHMep, |14[I15]). 

By^eM roBopHTb, hto onTHMajibHoe ynpaBjieHHe u° G 11 hbjihctch cmpozo onmuMaAbHUM, ec- 
jih jj,jih BCHKoro MOMeHTa n € N Hanjj;eTCH He MeHbiHHH ero momcht BpeMeHH r n , /ijih KOToporo 
J[u°](T n ) ^ J[n](r n ) npn Bcex u G il. 

Bcro/xy flajiee 6ya,eM npe^nojiaraTb, hto CTporo onTHMajibHoe ynpaBjieHHe u° € il cymecTByeT; 
cooTBeTCTByioHj,yio eMy TpaeKTopnio o6o3HanHM nepe3 x°. Otmcthm, hto b caMOM onpenejieHHH yace 
nocTpoeHa HeorpaHHneHHO B03pacTaiorriaH nocjienpBaTejibHOCTb momchtob BpeMeHH r n , Bnpjib koto- 
poit co6cTBeHHO h npoHcxoniiT onTHMH3ai^HH; Bcio/ay najiee 6ya,eM, npn Heo6xo/iHMOCTH, roBopHTb o 
r-CTporoM onTHMajibHOM ynpaBjieHHH. 

Otmcthm, hto Boo6ine roBopa b pa6oTax |14pi5j npn onpenejieHHH CTporo onTHMajibHoro perne- 
HHH HaKjia^biBajiocb TaKJKe npnojiHHTejibHoe Tpe6oBaHHe orpaHnneHHOCTH (pyHKinroHajia J. 
§ 2 . CooTHomeHHH npHHiiHna MSKCHinyMa IIoHTpHrHHa 

OnpenejiHM (pyHKnnio raMHjibTOHa-IIoHTpHrHHa % : X x T x U a u x T x X i— > R npaBHjioM: 
H(x,t,u, = i/jf(t,x,u) + \g(t, x,u) . BBefleM cooTHonieHHH 

m 

sup U(x°(t),t,p,\,ip(t)) 
P&U{t) 

A = 1 HJIH 

Xoponio H3BecTHO |17| . hto 9th cooTHorneHHH BbmojiHeHbi fljiH napbi (x° , u°) npn HeKOTOpblX 1p° E 
(AC)(T, X), A € [0, 1]. IlpH 3tom ot u° Tpe6yeTCH jihhib HeyjiynmaeMOCTb naHHoro ynpaBjieHHH Ha 
HeKOTopbix, CKOJib yronrio 6ojibHiHX OTpe3Kax [0, T] npn /ionojmHTejibHOM cpHKCHpoBaHHH npaBoro 
Komia x°(T), hto jijih CTporo onTHMajibHoro ynpaBjieHHH 3aBenpMO BbinojiHeHO. 

O^HaKO, KaK OTMeneHO ynce b toh »ce CTaTbe [17J, nocTpoeHHaa cncTeMa cooTHorneHHH (|2.1ap - 
()2.1cp Henojma, h, Boo6me roBopa, Tpe6yeT npnojiHHTejibHoro ycjioBHH Ha 6ecKOHeHHOCTH. HaiiTH 
CKOjibKO-HH6y/ib yHHBepcajibHoe ycjioBHe TpaHCBepcajibHOCTH xoth 6bi jijih 3a,naHH co cbo6ojihmm 
npaBbiM kohiiom noKa He ynaeTCH: 6ojibiHHHCTBO npejiJiojKeHHbix ycjioBHH MoryT BbinejiHTb cjihhikom 
MHoro perneHHH cooTHorneHHH (j2. la|) — f|2. lcj) . hjih OKa3aTbCH HecoBMecTHbiMH c hhmh (cm. [TJ § 6 h 
§ 16], I20j). 

C /xpyroii ctopohm, b pa6oTe |20] jijih npcTaTOHHO ninpoKoro Kjiacca 3a/j;aH ynpaBjieHHH npn 
perneHHH cooTHOineHHH npHHinrna MaKCHMyMa A. Seierstad npejijio>KHji BbinejiHTb to H3 hhx, hto 
HBjrneTCH npenejioM peraeHHit sthx nee cooTHonieHHit, ho BbinncaHHbix jijih sa/^an, yKoponeHHbix bo 
Bee 6ojree no3/iHHe MOMeHTbi BpeMeHH. B caMoli pa6oTe [20J Heo6xojiHMocTb TaKoro ycjioBHH [20\ 
Theorem 8.1] noKa3aHa jijih BecbMa mnpoKoro Kjiacca 3a,ziaH ynpaBjieHHH, ho npn ^ocTaTOHHO chjib- 
hmx npejinojiojKeHHHX, o6ecnenHBaioHi,HX b nacTHOCTH, cyMMHpyeMOCTb n,ejieBoro cpyHKii,HOHajia, a 
TaKJKe cxojjHMOCTb ip° k Hyjiio (no^po6Hee cm., HanpHMep, [T, §12]). 

B paMKax 3Toro no/i,xojj,a /ijih sa^ann Ha 6ecKOHenHOM npoMeJKyTKe co CBo6o,zi,HbiM npaBbiM koh- 
iiom ctoht HCKaTb peuieHHe (tp°, A ) cooTHomeHHH npHHn,Hna MaKCHMyMa ()2.1ap - ()2.1cp . y KOToporo 
conpHJKeHHaH nepeMeHHaa ip° HBjiHeTcn noTonenHbiM npe^ejioM conpajKeHHbix nepeMeHHbix tfj n - 
penieHHit (|2.1a|) — ho 3aHyjmiorr;HXCH B/j;ojib HeorpaHHneHHO B03pacTarorr;eH nocjieflOBaTejibHOCTH 

MOMeHTOB BpeMeHH. 

Onpe^ejiHM no,i];o6Hoe acHMnTOTHnecKoe ycjiOBne jijih CTporo onTHMajibHoro perneHHH. B otjih- 
nne ot pa6oTbi |20j mm He 6yzieM npe/j;nojiaraTb (hjih flOKa3MBaTb) HopMajibHOCTb sa^ann, nosTOMy 
b aHopMajibHMX 3a/j;aHax nepexo^HTb k npe/j,ejiy npn/j,eTCH He tojihko b KOMnoHeHTe ip, ho h b kom- 
noHeHTe A. C jxpyroii ctopohm, b OTjnimre ot |20) mm CMOJKeM rapaHTnpoBaTb, hto napbi (A n ,^") 



- — (x°(t),t,u°(t),\,iP(t)); (2.1a) 
= H(x°(t),t,u°(t),\,m); (2-lb) 
A = 0, ||^(0)|| = 1. (2.1c) 
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yflOBjieTBopaioT He TOJibKO conpnjKeHHOH CHCTeivie ()2.1ap . ho h ycjioBHio MaKCHMyMa (j2.1ftp . OopMa- 
jiH3yeM CKa3aHHoe. 

By/xeM roBopHTB, hto HeTpHBHajibHoe peuieHHe (X°,ip°) cooTHonieHHlt npHHinrna MaKCHMyMa 
(j2.1ajl — fj2.16j) cmpozo r-ucuesaminee (hjih npocTO CTporo ncnesaioinee) , ecjin ,zijih HeKOTopoii noji- 
nocjie,n,OBaTejibHocTH t' nocjie^oBaTejibHocTH r cymecTByeT cxoflHinancn k (A ,^ ) paBHOMepHo Ha 
bchkom KOMnaKTe nocjie^oBaTejibHOCTb nap (\ n ,ijj n ) G [0, 1] x (AC)(T, X), ynoBjieTBopnioinHX Ka»c- 
flasi cooTHonieHHHM (|2.1g|) . (|2. Ha [0,r^], a TaK»ce KpaeBOMy ycjioBHio 

r«) = 0. (2.2) 

Taxoe onpe,a,ejieHHe Ha3BaHO CTporo Hcne3aioiHHM peuieHHeM cooTHOineHHH npHHinrna MaKCH- 
MyMa no aHajiornn c noKa3aHHbiM b pa6oTe [18J flJin KpnTepnn cjia6o jjproHHioiiiee onTHMajibHoe 
ynpaBjieHne ("weakly uniformly overtaking optimal") 6ojiee cjia6biM Heo6xo/j;HMbiM ycjioBneM onTH- 
MajibHOCTn , Ha3BaHHbiM TaM M Hcne3aioinHM peuieHHeM". 

IIoKajKeM npn c,n;ejiaHHbix Bbime npejxnojiojKeHHnx Heo6xoflHMOCTb no,r,o6Horo ycjioBHH ,zijih bch- 
Koro CTporo onTHMajibHoro penieHHn. CaMO ,a,OKa3aTejibCTBO npn stom (paKTHnecKH cjiejjyeT pa6o- 
Te |17j . jinmb ^onojiHHTejibHO OTCjiejKHBaeTcn KpaeBoe ycjioBHe. 

TeopeMa 1. Ilycmb u° G il — T-cmpozoe onmuMaAbnoe ynpaenenue e 3adaue (|l.ip ~ (|1.2cp . Tozda 
naudemcn nempueuaAbnoe cmpozo r -ucnesatomee pewenue (A , G {0, 1} x (AC)(T,X) coorrmo- 
luenuu npuni^una MancuMyMa (j2.1ap (|2.1b|) . mo ecmb 

cymecmeyem cxodnmflACA k neMy paeuoMepno na bchkom KOMnaKme nocAedoeameAbnocmb nap 
(A n , ip n ) G [0, 1] x (AC)(T, X) u manan nodnocnedoeameAbHOcmb t' C t, umo Kawcdasi napa (A n ,vp n ) 
ydoeAemeopAem na [0, r^] coomHomeHUMM npuHV,una MaKCUMyjvia ()2.1ap - (j2.1cp c npaeeuM ycAoeueM 

Ecau npu amoM X° = 1, mo momcho cuumamb, umo ece A n = 1. 

floKa3aTentcTBO. 3acpHKCHpyeM n € N. H3 onpe^ejieHHH CTporoii onTHMajibHOCTH cjiejjyeT, 
hto J[u°](t^) ^ J[u](t^) fljia Bcex flonycTHMbix u G it. Tor,zia Wo|ro )7Vi ] aBjiaeTCH onTHMajibHbiM npn 

MaKCHMH3aHHH 

J[u](r n )= [ g(t,x(t),u(t))dt 

J[0,r n ] 

Ha TpaeKTopnax ()1.2ap - ()1.2cp . Ilo npHHininy MaKCHMyMa (3JH], jijih stoh 3aflann HaiifleTCH napa 
(X n ,ip n ) G [0,1] x (AC)([0, r n ], X), jijih KOTopofi Ha npoMe»cyTKe [0,r ra ] BbinojmeHbi cooTHomeHHH 
(|2.1ap . ()2.1bp . a KpoMe Toro BbinojiHeHO ycjioBHe TpaHCBepcajibHOCTH Ha npaBbift KOHen,, to ecTb 
V' Tl (' r n) = 0. Bojiee Toro, HopMHpyn npn Heo6xojj,HMOCTH, mojkho cmrraTb, hto 

||^(0)|| + A n = 1. (2.3) 

IIpoflOJiJKHM b CHjiy ynpaBjieHHH u° (pyHKinno tp n k&k peineHHe conpajKeHHoit CHCTeMbi ()2.1ap Ha 

BCK) OCb T. 

3aMeTHM, hto b cnjiy ycjroBHH (|2.3p (ip n (0), X n ) jiencaT Ha KOMnaKTe, cjie^oBaTejibHO, nepeii- 
flfl npn Heo6xoflHMOCTH k no,a,nocjre/];oBaTejibHOCTH, mojkho CHHTaTb, hto nocjieflOBaTejibHOCTb nap 
(ifj n (0) , A n ) cxojxhtch k HeKOTopoii (if) , A) . PaccMOTpHM peuieHHe conpsuKeHHolt CHCTeMbi (|2.1ap 
c HanajibHbiM ycjioBneM ip°°(0) = ifi npn A°° = A. Ilo TeopeMe o HenpepbiBHolt 3aBHCHMOCTH peme- 
hhh ,fl,HcpcpepeHn,HajibHbix ypaBHeHHH ot HanajibHbix flaHHbix HMeeM, hto nocjieflOBaTejibHOCTb ip n 
cxoflHTCH k paBHOMepHo Ha KajK^OM KOMnaKTe. ,Hjih nonTH KajKfloro t G T ycjioBHe MaKCHMyMa 
()2.1&P HMeeT MecTO ^jih Bcex (\ n ,ip n ), HanHHan c HeKOToporo n. IlepexoflH k npe^ejiy, HMeeM ycjio- 
BHe MaKCHMyMa (|2,lfop yjKe h ,h;jih (A 00 ,^ 00 ) npn nonTH Bcex i £ T. IlocTpoeHHoe pemeHHe, b cnjiy 
npeflejibHoro nepexo^a b (|2.3p . yflOBjieTBopneT || , OO (O)|| + A°° = 1, b nacTHOCTH HeTpnBHajibHO. 

riocTpoHM Tenepb CTporo r-ncne3aiom,ee pemeHHe (-0°,A°), yflOBjieTBop5noni,ee (|2.1cp . ^eltcTBH- 

TejibHO, ecjin A°° = 1, to npHMeM ip° = tp 00 , A = 1. Ecjih A°° = 0, to ^onojnnrrejibHO no,ii;ejiHM /j;jih 
KajK^oro n G N (pyHKinm ^ n ,X n Ha ||i/? n (0)||; Tor^a ohh coiiflyTCH k ip° = ^^/^^(O)!!, A = 0. 
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Ecjih »ce A°° 7^ 0, to flonojiHHTejibHO noflejiHM fljia KaJKfloro n € N cpyHKHnn A™ Ha A n ; Toiyja 
ohh coH/ryTca k tfj° = "0°°/(l — 1 |^°° (0) 1 1 ) , A = 1. Bo Bcex cjiynaax ycjioBHe (|2.1c|) BbinojiHeHO. □ 
IIoKajKeM, hto mojkho HaHTH flonojiHHTejibHoe ycjioBHe yjKe Ha caMy nocjie^oBaTejibHOCTb r. 

Cjie^CTBHe 1. JXjih bcrkozo T-cmpozo onmuMaAbHOZO ynpaeAenun u° E il u nopoMcdeuHou um 
mpaenmopuu x° G (ylC)(T,X), 3ah ecex n € N, npoMe, 6umb Mowcem, KcmeuHozo ux uucAa, eu- 
noAHeno maKMce 

ess lim sup [g(t, x°(t),p) - g(t, x°(t), u°(t))] = 0. (2.4) 
t-+Tn-0 pe u(t) 

floKa3aTeni>CTBO, ,ZlpKa;>KeM cHanajia, hto sto BepHo pjw mombhtob BpeMeHH H3 nocTpo- 
eHHoft b Teopeivie no^nocjieflOBaTejibHOCTn t 1 C t. KaK Bbiuie noKa3aHO, pjis. HeKOTopbix no/niocjie- 
flOBaTejibHOCTH t' C r h nocne^oBaTejibHOCTH nap (\ n ,ip n ), /ljih KajK,a,oro n € N /ljih nonra Bcex 
t < r" BbinojiHeHO (|2.1fep . to ecTb 

sup (r(.t)[f{t,x°(t),p) - f(t,x°(t),u°(t))] + X n [g(t,x°(t),p) -g(t,x°(t),u (t))])=0. 
P&U(t) \ J 

IlocKOJibKy f(t,x°(t),p) orpaHHueHO b cnjiy ycjiOBna noflJiHHeHHoro pocTa, a no nocTpoeHHio HMeeT 
MecTO ip n (Tn) = (Tor^a, b nacTHOCTH, H3 ()2.1cP cjie/ryeT TaKJKe A n > 0), to, nepexo^a k cyme- 
CTBeHHOMy npe^ejiy npn t — >■ T' n — 0, HMeeM (|2.4p pjm ^aHHoro n E N, to ecTb /ljih Bcex momohtob 
BpeMeHH H3 noflnocjie^OBaTejibHOCTH r' . 

IloKajKeM, hto ()2.4p BbinojiHeHO ,zyra Bcex sjieivieHTOB H3 t, Kpoivie, 6biTb mo^kst, KOHenHoro nx 
HHCjia. IlycTb He Tax, n (|2.4p He BbinojiHeHO ^jth cneTHoro nncjia 3jieMeHTOB. Torfla H3 hhx mojkho 
cocTaBHTb HeorpaHHneHHO B03pacTaioinyK> nocjie,a,OBaTejibHOCTb r', /ljih KajK,n,oro MOMeHTa H3 koto- 
poit, (|2.4p He HMeeT MecTa. IlocKOJibKy ynpaBjieHHe u° r-CTporo onTHMajibHO, to oho OKajKeTCH h 
r'-CTporo onTHMajibHMM . B nacTHOCTH, fljia Hero HaftfleTCH CTporo r'-ncnesaioinee penieHHe cootho- 
HieHHn npHHnnna MaKCHMyMa, a cjie,a,OBaTejibHO, no npeflbiflynjeMy afxsairy, (|2.4p 6y^eT BbinojiHeHO 
flJIH KaKHX-TO SJieMeHTOB H3 r', hto npoTHBopeHHT Bbi6opy t'. □ 

Otmcthm TaKJKe, hto Bee noKa3aHHoe Bbiuie mojkho pacnpocTpaHHTb Ha ynpaBjraeMbie cncTeMbi 
c HerjiaflKofi npaBofi nacTbio. 

Otmcthm, hto Boo6me roBopa He yTBepjKflaeTCH, hto i/j°(t) — > npn t — > oo, sto mojkct 6biTb 
He Tax flaxce B^ojib bchkoh no/uiocjieflOBaTejibHOCTn nocjieflOBaTejibHOCTH r. CooTBeTCTByioinnn 

npHMep npHBOflHTCH HHJKe. 

§ 3 . 3BHaa cpopMyjia ajih conpHiKeHHofi nepeMeHHoii 

Bocnojib3yeMcn TeM, hto cncTeMa ()2.1ap jiHHeliHa, paccMOTpHM penieHHe saflann Koiuh: 

BBe^eM Tenepb BeKTopH03HanHyio cpyHKH,Hio I BpeMeHH npaBHjioM: ^jih Bcex T G T 

a pa*,*®,*®) 

Jo ox 

Tenepb BCHKoe pemeHne ip conpHJKeHHofi cncTeMbi ()2.1ap /i,jih Bcex t £ T yflOBjieTBopneT cpopMyjie 
Komn 

m = (m-v(t))A~ i (t). (3.i) 

IIpeflJioxceHHe 1. Y bcrkozo cmpozozo T-ucneaawmezo petuenun (i^°,X ) ecex coomHomeHuu 
npuHVAina mclkcumumcl (|2. la,|) (|2. lc|) Bar neKomopou nodnocAedoeamejibHocmu t' C t, 

jiu6o A = 1, V°(0) = lim /(r /n ), (3.2a) 
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u nocAedoeameAbHocnib 7(r /n ) 6ydem cxodnmeucfi u ozpanuueHHOu, 

I(r' n ) 

au6o A° = 0, V°(0) = lim (3.2b) 

n->oo ||i(r m J|| 

8(?e dawHuu npedeA cymecmeyem, a nocAedoeameAbHocmb J(r /n ) HeospanuueHa. 

KpoMe mozo, 3ah nodnocAedoeameAbHocmu t' npu ecex n € N donoAHumeAbno eunoAHeno (j2.4[) . 

floKasaiejibCTBO. 

IlycTb HeKOTopoe penieHHe (A ,^ ) HBjiaeTCH CTporo T-HCHe3aiomHM peineHHeM; Tor^a (A ,^ ) 
flBjiaeTCfl npe^ejioM peineHHli (\ n ,ip n ) CHCTeMbi (|2. la|) . npaneivi if) n (T ,n ) = ^jih HeKOTopoit no,a;no- 
cjieflOBaTejibHocTH r' C r. 

Ilo (popMyjie Konra (|3.ip /yra i = r' n H3 ^ n (r /n ) = HMeeM Tp n (0) = A n /(T /n ), OTCiofla 



^°(0) = lim A n /(r /n ). 

n— »oo 



B cjiynae A ^ cpaKTHHecKH noKa3aHO paBeHCTBO ^ (0) = A lim I(r /n ). Ecjih TKe A = 0, 

n— >oo 

to, nocKOjibKy ncnesaiomee pemeHHe HeTpHBHajibHO, nojiyniiM ip°(0) ^ 0. IloflejiHM nojiyneHHoe 
BbipajKeHHe Ha ero »ce HopMy, HMeeM 

^(0) _ Hm I(r' n ) 



□ 



||^(0)|| n^oo||/(r'")||- 

riojiyHeHHbie cpopMyjibi mojkho HecKOjibKO ynpocTHTb. 
3aMenaHHe 1. IlycTb cymecTByeT KOHeHHbili npe^eji 

h = Hm I{r n ). 

Tor^a BbinojiHeHO ()3.2ap . h b KOTopoft ip° 3a,n;aeTCH cpopMyjioft: fljra Bcex T € T 

^(T) = (h-I(T))A-\T) = (j» - £ Mt,x°tt),u°(t)) A{t)dt y-i {T) _ (3 3a) 

Ecjih JKe i* He 3aBHCHT ot Bbi6opa nocjie,a,OBaTejibHOCTH r, to ecTb cymecTByeT KOHeHHbili npe,a;eji 
lim I(t), to nocjie^Haa cpopMyjia ynpomaeTC3 jto 



t— >oo 



ryi;e Heco6cTBeHHbili HHTerpaji noHHMaeTCH b CMbicjie PnMaHa. 

Otmcthm, hto cpopMyjia (|3.3bp KaK HBHoe Bbipa>KeHHe fljis conpjDKeiiHOH nepeMemioli flocTaTOH- 
ho H3BecTHa. JJjin JiHHeftHbix 3a,n,aH OHa 6bijia nojiyneHa b pa6oTe |12j . ,H,jih pH,n;a CTanrioHapHbix 
3a^aH KaK Heo6xo,a,HMoe ycjioBHe onTHMajibHocTH OHa nojiyneiia C.M.AceeBbiM, A.B.Kphjkhmckhm 
b pa6oTax [1,2,7}|B]; pjm HeKOTopbix HecTamroiiapHbix cncTeM ee nojiynnjiH C.M.AceeB, V.M.Veliov 
(cm. [lUpilj). KpoMe BbiuienepeHHCjieHHbix pa6oT, ycjioBHH, jxocTaTOHHbie /ijisi npHMeHHMOCTH (|3.36[) . 
paccMaTpHBaioTCH TaKJKe b pa6oTax aBTopa (5ll6lll8| . TaM JKe ecTb ycjioBHH ^jih npHMeHHMOCTH cpop- 
Myji (pT2&jh 

IIpHBefleM euxe HecKOjibKO OTjrejibHbix 3aMeHaHiiH /yra cpyHKmioHajioB toto hjih hhoto BH^a. 

3aMenaHHe 2. IlycTb cpyHKmrio g mojkho npe^cTaBHTb b Bii^e g(t,x,u) = gi(t,x) — r(t)\\u\\ 2 , 
rfle cpyHKiirra r nojiojKHTejibiia h orpaHiineiia Ha bchkom KOMnaKTe. IlycTb KpoMe Toro, flJiH noHTH 
Bcex t G T BbinojiHeHO G U(t). Tor^a ecjin r-CTporo onTHMajibHoe ynpaBjieHHe u° cym;ecTByeT, to 
BbinojmeHo u{r n — 0) = ^jih Bcex n € N, KpoMe, 6biTb mojkct, KOHenHoro hx nncjia. 
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JXjik flOKa3aTejibCTBa 3aMenaHHH flocTaTOHHO noflCTaBHTb Taxoe g b ()2.4p . h 3aMeTHTb, hto TOjibKO 
flocTaBjiaeT MHHHMyM r(i)||u|| 2 . 

3aMeHaHHe 3. IlycTb b ycjioBHHX 3aMenaHHH [2] (pyHKinno / mojkho npe^cTaBHTb b BH,n;e 
f(t, x, u) = fi(t, x) + S(t)u. IlycTb KpoMe Toro, fljia KajKfloro n G N HeKOTopaa OKpecTHOCTb tohkh 

B X COflepjKHTCH B S(t)U(t) ,fl,JIH nOHTH BCeX t < 71. 

Tor^a ecjiH r-CTporo onTHMajibHoe ynpaBjieHHe u° cymecTByeT, to /yia bchkoto CTporo r- 
HCHe3aic>mero peineHHH (X°,tp°), BMecTe c ti°(r n — 0) 3aHyji5HOTC5i i/j°(T n )S(T n — 0) fljia Bcex n G N, 
Kpoivie, 6biTb Mo»ceT, KOHeHHoro hx HHCjia. Bojiee Toro, npn 3tom A > 0. 

^eftcTBHTejibHO, flJiH ifj° noHTH Bcio^y BbinojmeHO ()2. . noflCTaBjiaa TaKHe f,g HMeeM, hto u°(t) 
noHTH Bcio/ry ecTb MaxciiMyM (nap G U(t)) (pyHKHHOHajia ip°(t)S(t)p — A°||p|| 2 , ocTajiocb 3aMeTHTb, 
hto b CHjiy npeflbmymero 3aMenaHHH u°(r n — 0) = 0, a — BHyTpeHHaa TOHKa o6pa3a S o U . 

Cjie,a,CTBHe 2. Ilycmb MHOMcecmeo 



cmpozo eunyKAO Bar t U3 MHOMcecmea uenyneeou Mepu T C T. 

Tozda djisi bchkozo cmpozo r -ucHesatou^ezo pemenusi (X°,^°) coomHomenuu npuni^una mclkcu- 
MyMa (|2.1ap - (j2.1fej) eunoAneno maKMce 



2) V ;0 (' r n) = n P u Gcex n G N, npoMe 6umb Mootcem, Koneunozo ux nucjia. 

,U,OKa3aTejibCTBO. 

^eiicTBHTejibHO, fljia CTporo r-HCHe3aiomero peineHHH (\°,ip°) Haft^yTca nocjie^oBaTejibHOCTb 
(X n ,ip n ), cxoflHmaacH k Heft Ha bchkom KOMnaKTe, h cooTBeTCTByiomaH no^nocjieflOBaTejibHOCTb 
T 1 C r. ^jih KajK,a,oro n G N, HaHHHaa c HeKOToporo, Haft^eTCH MOMem T G T (T < r^), b 
KOTopbift BbinojiHeHO (|2.1fe|) KaK ,n,jia napbi (\°,ip°), Tax h rjik (\ n ,ip n ). Tenepb b cnjiy CTporoft 
BbinyKjiocTH BeKTop (A n ,t() n (T)) coHanpaBjieH c (A , 7p°(T)), to ecTb ohh OTjinnaioTCH jinnib Ha 
HeoTpHii;aTejibHbift mhojkhtg Jib . Ilo cpopMyjie Kohih (|3.ip . OTCio/ja, KaK 3HaneHHH ip n (0), ip°(0), TaK 

H CaMH CpyHKHHH 1p n , 1p° , TaKJKe OTJIHHaiOTCH Ha TOT JKe MHOJKHTejIb; B HaCTHOCTH 3TH CpyHKHHH 

o^HOBpeMeHHO 3aHyjisnoTCH b MOMeHT BpeMeHH r' n . B cnjiy Bbi6opa n nyHKT 2) noKa3aH. B cnjiy 
HeTpHBHajibHOCTH ip° KaK peineHHH jiHHeftHoro ypaBHeHHH, H3 2) cjie,n,yeT 1). □ 
OTMeTHM, hto caMO no ce6e Hajinnne cpopMyjibi fj2.4f) no3BOjraeT jihhib HanncaTb flonojiHHTejib- 
Hyio CHCTeMy cooTHomeHHft fljiH Bbi/i,ejieHHH nocjie^oBaTejibHOCTH r. Hocjie/niee xce yTBepjK,a;eHHe 
yKa3biBaeT Kjiacc ynpaBjiaeMbix CHCTeM, b KOTopbix cooTHOHieHHH npHHii;Hna MaKCHMyMa BMecTe 
co BceMH KpaeBbiMH ycjioBHHMH co3/i;aioT nepeonpeflejieHHyio CHCTeMy cooTHonieHHft, nocKOjibKy Ha 
KajK^bift CKajiapHbift napaivieTp r n , b cjiynae dimX. > 1, mbi HMeeM 6ojibrne oflHoro cooTHonieHHH. 

HMeHHO 3THM, IIO-BHflHMOMy, MOJKHO o6T>HCHHTb peflKOCTb CTpOTO OnTHMajIbHblX ynpaBJieHHII. 



,Z],JIH /I,eMOHCTpaii;HH B03MOJKHOCTeft HeKOTOpblX nOKa3aHHbIX BblHie yTBepjKfleHHft paCCMOTpHM 

MOflHcpHKainno npHMepa XajiKHHa [17] (cm. TaKJKe |19[ Ex. 5.1], [UJ Ex. 1]): Tpe6yeTCH MaKCHMH3H- 

pOBaTb CpyHKHHOHajI 




1) \° > 0, 



4. IIpHMep 




[0,71 



fljiH ynpaBjiaeMOH CHCTeMbi 



x = ux 



fljia n.B. t G T; 



x(0) = x* > 0, 
u G [a, j3] 



(a ^ 0). 
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ByfleM HCKaTb b 3tom npniviepe CTporo onTHMajibHbie ynpaBjieHHH. KaJKflOMy TaKOMy ynpaBjieHHio 
u° cooTBeTCTByeT HeKOTopaa HeorpaHiineHHO B03pacTaioiH,aH nocjiejrpBaTejibHOCTb r. B cnjiy ()2.4p 

MOJKHO CHHTaTb, HTO U° (r n — 0) = O flJIH Bcex 71 € N. 

JlerKO BHfleTb, hto -A(T) = x°(T) h I(T) = J[u°](T). nepexojxa npn Heo6xo,flHMOCTH ot t k ee 
no,a,nocjie/];oBaTejibHOCTH, mm Bcer^a MOJKeM CHHTaTb BbinojiHeHHbiM Bflojib r pobho o/piH cjiynaH H3 
Tpex: 

1) J[u°](r n ) — » — oo. Tenepb no (popMyjie (|3.26p HMeeM tp°(0) = — 1, A = 0; noflCTaBjiira Haii- 
^eHHoe b raMiijibTOHiiaH nojiynaeM: H = —ux, Tenepb H3 ycjioBnn ero MaKCHMyMa cjiejxyeT u° = a. 
IlpoBepKOH y6ejK^aeMC5i, hto pjm J[u°](r n ) — > — oo Heo6xo,aHMO a > 1. 

2) J[u°](r n ) — > +oo; no,no6HbiM o6pa30M nonynaeM ip°(0) = — 1, A = 0; H = — ux, u° = /3, ho 
3to npoTHBopennT ycjioBHio (|2.4p Ha Bbi6op ToneK H3 t. 

3) J[u°](r n ) cxojihtch k HeKOTopoMy KOHenHOMy I*. Tenepb mojkho Bocnojib30BaTbcn (|3.3ap . b 

nacTHOCTH cnHTaTb A = 1. BBe,a,eM (pyHKinno R(t) = J* — J[u°](t) — x°(t). Torfla 

H[t] = (/*- J[u°](t))A-\t)w°(t) + (l-u)x°(t) = (/» - J[u°](t) -x°(t))u + x°(t) = R(t)u + x°(t), 

n u°(t) b cnjiy ()2.1&P onpe^ejiHeTCH 3HaK0M R(t). riocKOJibKy R(t) = —x(t) < 0, to R mohotoh- 
ho y6biBaeT, a momchtob nepeKjnoneHnn He 6ojibnie ojiHoro. O/iHaKO vP npnHHMaeT MHHHMajibHO 
B03MOJKHoe 3HaneHne a b CKOJib yro/nio flajieKHe mombhtm BpeMeHH, cjiejroBaTejibHO R Ha 6ojibmnx 
BpeivieHax OTpnuaTejibHO. Ho Tor^a HanHHaa c HeKOToporo MOMeHTa T (hjih sto momcht nepeKjno- 
neHHH, hjih T = 0) cpyHKinui R OTpHH,aTejibHa, ynpaBjieHHe u° TOJKjj^ecTBeHHO coBna^aeT c a, a 
x°(t) = x°(r)e a (*" T ) jijih Bcex t > T. 

C flpyrolt ctopohm, nocjie/apBaTejibHOCTb nnceji — J[u°](r n ) cxojxhtch k 0, a nocjiejjpBaTejib- 
HOCTb HHceji R(r n ) mohotohho y6biBaeT, npHHHMaa HannHaa c HeKOToporo, jinnib OTpnnaTejibHbie 
3HaneHHH. Toiyra hx pa3HOCTb, nocjie^oBaTejibHOCTb nnceji x°(r n ) = x°(T)e a ( T "~ T \ He MOJKeT cxo- 
JIHTbCH k 0. TaKHM o6pa30M a > 0. 

B cnjiy (pyH^aMeHTajibHOCTH nocjie/ipBaTejibHOCTH nnceji I(r n ) = J[u°](r n ) HMeeM fljia hx no- 
napHbix pa3HOCTeit, nnceji Jj r Tfc ](l — a)e a ^~ Tn ^ dt cxo^HMOCTb k npn 6ojibHiHX k,n, hto b cnjiy 
a > 3KBHBajieHTHo a = 1. 

Ho Tor^a, HanHHaa c MOMeHTa T, (pyHKHira J[vP] He H3MeHHeTCH, npHHHMaa 3HaneHHe I*, cjie- 
jj;oBaTejibHO R(T) = —x(T) < 0. Tenepb, ecjin 6bi T 6biji momchtom nepeKjnoneHHH ynpaBjieHHH u° 
(3aBHCHm,ero jihhib ot 3Haxa R), to R(T) 6mji 6bi paBeH 0, cjie/ipBaTejibHO nepeKjnoneHHH He 6bijio, 
Tor,na T = 0, to ecTb u° = a = 1. 

3aMeTHM, hto b cjiynae a ^ 1 ynpaBjieHHe vP = a HBjiaeTCH CTporo onTHMajibHbiM. ^eltcTBH- 
TejibHO, ecjin fljin napbi ynpaBjieHHH BepHO u ^ v, to bto BepHO h ^jih hx TpaeKTopnn x > y, 
no,n;cTaBjiHH b n;ejieBOH cpyHKii;HOHaji, HMeeM J[u] ^ J[v] b cnjiy a 1. Cjie,a,oBaTejibHo u° = a, 
KaK HaHMeHbniee H3 ^onycTHMbix ynpaBjieHHit, jj;ocTaBjiaeT HaH6ojibniHH pe3yjibTaT ,h,jih KajK,noro 
MOMeHTa BpeMeHH, b nacTHOCTH oho CTporo onTHMajibHO. 

Otmcthm, hto JiJiH a > 1, xoth y BCHKoro CTporo Hcne3aiomero penieHHH conpajKeHHaa nepeMeH- 
Haa ip° HBJineTCH noTonenHbiM npe,a,ejioM 3aHyjiHiomHXCH bo Bee 6ojiee no3jj,HHe MOMeHTbi BpeMeHH 
pemeHHH toh JKe conpHJKeHHoii CHCTeMbi, caMa 3Ta (pyHKn,na ip° = 1 He CTpeMHTCH Ha 6ecKOHen- 
hocth k Hyjno. KpoMe Toro, Haftjj;eHHoe CTporo onTHMajibHoe pemeHHe HBjiaeTCH aHopMajibHbiM, 
b nacTHocra, cpopMyjia ()3.36|) . paBHo KaK h ee 6ojiee o6iniie MO^HcpHKanHH (|3.2ap . (|3.3ap . Henpn- 
MeHHMa. ^aHHbifi npHMep TaKJKe noKa3biBaeT, hto b 3aMenaHHH [2] ycjioBHe CTporoii BbinyKjiocTH 
cym;ecTBeHHO. 
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D. V. Khlopin 

On necessary boundary conditions for strictly optimal control in infinite horizon control 
problems 

Keywords: Optimal control; infinite horizon problem, transversality condition for infinity, necessary conditions 
of optimality, strong optimal control; Pontryagin Maximum Principle 

Mathematical Subject Classifications: 49K15,49J45,37N40 

In the paper we consider the infinite horizon control problems on the interval with free right-hand endpoint. 
We obtain the necessary conditions of strict optimality. The method of the proof actually follows the classic 
paper by Halkin, and the boundary condition for infinity that we construct in our paper is a stronger variety 
of the Seierstad condition. The complete system of relations of the maximum principle that was obtained 
in the paper allows us to write the expression for the adjoint variable in the form of improper integral that 
depends only on the developing trajectory. S.M. Aseev, A.V. Kryazhimskii, and V.M. Veliov obtained the 
similar condition as a necessary condition for certain classes of control problems. As we note in our paper, 
the obtained conditions of strict optimality lead us to a redefined system of relations for sufficiently broad 
class of control problems. An example is considered. 
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